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Abstract

This document describes the derivation of the equations describing
the fundamental object classes of SysBio library that is used to represent
enzyme catalysed reaction following Michaelis-Menten kinetics according
to [Belic¢ et al., 2013, Naik, 2013, Naik et al., 2014]. The derivation is fol-
lowed with a brief documentation of basic SysBio library object classes,

ie:
°
.
°

enzyme catalysed reaction (ESReaction),
substrate sources (ESource and Source),
metabolite (Metabolite),

enzyme (Enzyme),

non-enzymatic protein (Protein),
mRNA (mRNA),

transcription regulation (GeneExpressionControl_positive,
GeneExpressionControl negative and
GeneExpressionControl_lin),

translation (EFormation_lin),

post-translational regulation (Activation and Inhibition).

All descriptions presume the normalised steady state concentration of ob-
served compounds.
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1 Derivation of enzyme catalysed reaction in
normalised steady state

Enzyme catalysed reaction in normalised steady state are derived according
to the reaction system described in Figure 1, where the parameters have the
following interpretation:

e f: proportion of the metabolic flux into alternative pathways,
e 1 — f: proportion of the metabolic flux into pathway of interest,
e ®;: substrate influx,

e Op: enzyme influx,

e Op5: product outflux,

e S: substrate concentration,

e [I: enzyme concentration,

e (: complex concentration,

e P: product concentration,

e kc: complex formation constant,

e kopg: complex dissociation constant,

e kp: product formation constant,

e kppr: product dissociation constant.

1.1 Basic ODE description

s

S: = @(1-f) ke B S+hop-C (1)
dc

C:E:kC'E'S-i-kPR'E'P—kp'C—kCR'C (2)
dP

Piﬂzkp‘c—q)o—kpR-EmP (3)
dE

E:EZ(I)E[-i-kp-C+kCR'C—kc~E~S—kpR~E~P—@EO (4)

1.2 Steady state presumption

Presumptions

. dS _ dC _ dP _ dE _
e All changes equal to zero: > = = = & = = =0

e Influxes equal to efluxes: ®;(1 — f) = ®p, Ppr = Ppo



Figure 1: Enzyme catalysed reaction according to Michaelis-Menten kinetic
formalism.

Equations
S:O:@1<1—f)—kc~E~S+kJCR-C (5)
C:0=kc-E-S+kpr-E-P—kp-C—kcr-C (6)
P:():]CP~C’7(I)07]<JPR~E~P (7)
E:0=kp-C+kcpr-C—kc-E-S—kpr-E-P (8)

1.3 Normalisation of concentrations
Presumptions

e We can vonvert concentrations (S, F, C and P) to normalised values (Sy,
Eyn, Cy and PN) at steady state (Sss, FEgsg, Css and Pss).

S
* v =35

E
* Ev =15

P
* Pv=p5

Complex concentration (Cx) must be expressed relative to the free enzyme
concentrations at steady state:

Css
Ess*

e Ratio between bound and free enzyme equals w =

_ _C _ wcC
.CNiEssicss

Therefore:

e S=5N-S5s5



e L =Fy-FEss

o O = EnCss
w

e P =Py Psg

Equations
Substrate consumption (inserting normalisation presumptions into Equation 5):

Cn - Css
w

S: 0=0;(1—f)—kc-Enx-Ess-Sx-Sss+ ke - (9)

Complex formation (inserting normalisation presumptions into Equation 6):

Cy-C Cn-C
C: 0=kcENn-EssSy-Ssstkpr En-Ess-Pn-Pss—kp- Nw 55 ke Nw &
(10)
Product formation (inserting normalisation presumptions into Equation 7):
Cy-C
P:Oikp'%*‘pO*kPR'EN'ESS'PN'PSS (11)

Enzyme dynamics (inserting normalisation presumptions into Equation 8):

Cn - Css
-

E:0=kF kc —kc-En-Ess-Sn-Sss—kpr-En-Egs-Pn-Pss

(12)

Cn-C
P N CSS |
w

1.4 Normalisation of kinetic rates
Presumptions

e ken = ko Egss-Sss: normalised rate constant determining the formation
of complex.

o kopn = BerCss. pormalised rate constant determining the decomposi-

w

tion of complex.

o kpy = kp-Css . pormalized rate constant determining the product forma-
w

tion.

e kprn = kpr-FEss-Pss: normalized rate constant determining the product

decomposition.

Equations
SZqu)[(l—f)—kCN'EN'SN—‘rk’CRN-CN (13)
C:0=kcn-En-Sv+kpry-En-Py —kpn-Cn —kcrn - Cn (14)
P:0=kpn -Cn —Po —kpry - Ex - Py (15)
E:0=kpn-Cn+kcrny -Cn—kcen-En-Sy —kprn - En - Py (16)



1.5 Introducing ratios of constants describing complex
formation and dissociation

Presumptions

° = k,fCiRZ\IIV ratio among backward and forward constants describing com-
plex formation.

oy = %: ratio among backward and forward constants describing com-

plex dissociation.

Equations

Substrate consumption (inserting r1 and ry into Equation 13):
S:O:(I)](l—f)—l{?CN'EN'SN-i-’I“Q'k’pN'CN (17)

Complex formation (inserting 1 and r2 into Equation 14):

C: OZkCN~EN'SN+T1'kc]\/-EN'PN—]CPN~CN—T2-]<JPN~CN (18)

1.6 Normalised steady state values equal 1

Presumptions
e Sy =1
e Oy =w
e En=1
e Py=1
Equations

Substrate consumption (inserting presumptions into Equation 17):
S:0=0;(1-f)—ken+r2-kpy-w (19)
Complex formation (inserting presumptions into Equation 18):

C: 0=kcny+71r1-keny —kpNy-w—19-kpny-w (20)
:kCN-(1+7"1)—]€pN'w'(1+7“2)

1.7 Metabolic reactions tend to proceed in the forward
direction

Presumptions

In undisturbed steady state reactions tend to proceed in the forward direction:



e kon >> kppry =11 << 1

o kpy >> kopy = 12 << 1

Flux towards complex formation and complex dissociation is the same:

e =79=7

Equations

Complex formation (assuming r << 1 = 0 in Equation 20):
C: kCN-(l—‘rO):kpN"w-(l—l-O):>k‘CN:/€pN"w
Substrate consumption (inserting kcny = kpy - w into Equation 19):

(1 -
S : O:<I>1(1—f)—kpN~w+r-kpN~w:>kpN:M
w(l—r7)

1.8 Expressing normalised reaction constants
Presumptions

® kpn = % (see Equation 22)

ey =1 = kkP—R]é\’ (see Introducing ratios of constants describing complex

formation and dissociation)

ey =7 = kkcp%lj’ (see Introducing ratios of constants describing complex

formation and dissociation)

e kon = kpy - w (see Equation 21)

Equations 1

oy = =)
kpry = A ((I)f(_l 5 d

Parameter interpretation is as follows:
e r: reversibility of the reaction,

e ®;: metabolic influx into the reaction,



e f: proportion of flux into alternative pathways,

e w: ratio between the rate of complex formation and product formation —
ratio between bound and free enzyme in steady state (w = g—ig) ~wRl
in the reactions tending to move in the forward direction in the steady
state (as is the case of metabolic networks). Since the concentrations are
normalised according to the enzyme concentration in steady state (Esg),
w should equal the complex concentration in the steady state (Csg).

Equations 2

Inserting normalised reaction constants into product formation equation in nor-
malised steady state (see Equation 15) yields

(1) r-®(1-f)
P.O_wl(li_r)~CN—<I>o—ﬁ-EN-PN

Oo =d7(1—-f)

CN:w(l—’I")(l—liT-EN-PN>:w(l—’l“(l—EN-PN)) (27)

Inserting normalised reaction constants into equation governing enzyme dynam-
ics in normalised steady state (see Equation 16) yields

(1) c +T'¢’I(1—f)

EFE:0=———=. Cn—
0 w(l—r) N w(l—r) N
®,(1-f) r-®(1-f)
A R, Sy — 2 R p
=) N ON =) N - Pn
1
0—*'ON+£'CN—EN'SN—T~EN~PN
w w
1
0= +T'CN—EN'SN—T-EN~PN
w
1
0= ZT-w(l—r(l—EN-PN))—EN~SN—T-EN-PN

O=(1+r)(l-r+r-Ey-Py)—Ex-Sy—7-Ey-Py
O=1-r+r-Ey-Py+r—1"+r" Exy-Py—En-Sy—7-Ex-Py
0=1-r*4+7r* Ey-Py—Ey-Sx

_ 1—r?

= 2.p 28
Sn B +7°- Py (28)




2 Brief documentation of SysBio library

2.1 Enzyme catalysed reaction ESReaction

Description of ESReaction Modelica object class (see Figure 2).

Figure 2: ESReaction Modelica object class with explicit labelling of its con-

nectors.

Connectors

e INFLOW: substrate inflow (5),

e ENZYME: enzyme inflow (E),

e OUTFLOW: product outflow (P),

e EACT: regulator of enzyme activity (optional).

Parameters

e ko: complex formation constant (calculated from initial conditions),

e kp: product formation constant (calculated from initial conditions),

T

reversibility of the reactions (user defined, default value set to 0.01):

note: the label w is used for this parameter in the Modelica code;
0: irreversible;
1: reversible.

An interesting situation occurs if all the reactions in the network are
reversible. In this case, the unique calculation of the model states
after perturbation is not possible as the system has an infinte num-
ber of solutions. However, in most metabolic networks irreversible
reactions also occur, at the latest, when a metabolite is eliminated
from an organism [Beli¢ et al., 2013].



e Qo = w: initial (steady state) complex concentration (the default value
set to 0.01).

e M = 1: number of substrate molecules consumed in one reaction (user
defined, default value set to 1);
Variables

e (): complex concentration.

Presumptions
e kcr=71-kp,

[ ] kpR:T-kC.

Equations

If connector EACT is connected, enzyme activity is proportional to its quantity:

o = { FACT.Q; if EACT is connected,
act —

1; else. (29)

Substrate consumption equals the amount of complex formation subtracted by
complex dissociation:
S.FI =INFLOW.® = M * (eqet * ke * S.QM « F.Q — kop * Q)
=M * (eqer x ke * SQM+xE.Q—rxkp+Q)  (30)
Product formation from the complex and product dissociation:

PFI=—-OUTFLOW.® = kp *Q — eqet * kpr * P.Q x E.Q
=kp*xQ —equ*xr*xko*x P.Qx E.Q (31)

Change of complex concentrations:

% =S FI—-PFI=INFLOW.® + OUTFLOW.® (32)
Amount of enzyme consumed is the same as the amount of complex formed:
E.FI=ENZYME.® = % =S FI—-PFI (33)

Notes

e Parameters ko and kp have the following definitions:
parameter Real kC(fixed = false);
parameter Real kP(fixed = false);
This means that the values of parameters are implicitly calculated from
the initial complex concentration:
parameter Real QO = 0.01;
Real Q(start = QO0, fixed = true);

10



e The only parameters that need to be known are initial complex concentra-
tion in steady state (Qo, which equals w - see derivation) and reversibility
of reactions r.

e Flux distribution is defined within the rest of the metabolic networks
outside the object class ESReaction.

11



2.2 Substrate source ESource

The component defines the metabolic influx into the network. The metabolic
influx is controlled by an enzyme and its activity (see Figure 3).

lEACT

OUTFLOW

T ENZYME

Figure 3: ESource Modelica object class with explicit labelling of its connec-
tors.

Connectors
e ENZY ME: enzyme inflow,
e OUTFLOW: substrate outflow,

e EACT: regulator of enzyme activity (optional).

Parameters
e ko: complex formation constant (default value set to 1),

e kp: substrate formation constant (calculated from initial complex concen-
tration),

e (o = w: initial complex concentration (default value set to 0.01).

Variables

e (): complex concentration.

Equations

Enzyme activity connector defines the activity of enzyme only in the case it
is connected. In this case E,.; is set to the concentration on the connector.
Otherwise, F,.; is set to 1:
S EACT.Q; if EACT is connected, (34)
act = 1; else.
Substrate outflow equals complex concentration multiplied by substrate forma-
tion constant:

OUTFLOW.® = —kp * Q. (35)

12



Change of complex concentration equals its production minus substrate outflow:

% = eqet * ke x E.Q + OUTFLOW.D. (36)

Enzyme consumption equals the change of complex concentration

ENZYME.® = %. (37)

2.3 Substrate source Source

Object class Source describes flow of substrate mass and supports flow pertur-
bations after predefined time (see Figure 4).

OUTFLOW

Figure 4: Source Modelica object class with explicit labelling of its connectors.

Connectors

e OUTFLOW:: substrate outflow.

Parameters
e massflow;: massflow before perturbation (default value set to 1),
e massflows: massflow after perturbation (default value set to 1),

e switchtime: time of perturbation (default value set to 1).

Equations

—massflowy; if t < switchtime,

OUTFLOW.® =
—massflows; else

(38)

13



2.4 Compound Metabolite

The Modelica object class Metabolite is presented in Figure 5. The object
class does not include metabolite degradation.

Figure 5: Metabolite Modelica object class with explicit labelling of its con-
nectors.

Connectors

e (' metabolite inflow,

Parameters

e Qo: initial metabolite concentration (default value set 1).

Variables

e (): metabolite concentration.

Equations

Change of metabolite concentration:

aQ 0; if @ <0and C.® <0, (39)
d | C.®; else.
Connector concentration equals metabolite concentration
C.Q=0Q. (40)

2.5 Compound Enzyme

The Modelica object class Enzyme is presented in Figure 6. The object class
includes enzyme degradation, which can be perturbed after predefined time.

Connectors

e (' enzyme inflow,

14



Figure 6: Enzyme Modelica object class with explicit labelling of its connectors.

Parameters
e (Qo: initial enzyme concentration (default value set to 1),

e k1, k2: parameters describing enzyme degradation constant (default val-
ues set to: ky = 0.01, ke = 0),

e switchtime: time of degradation constant perturbation (default value set
to 0).

Variables

e (): enzyme concentration.

Equations

Calculation of degradation constant:

1: 1< ) .
b — { . k i 11f < switchtime, (a1)
* T5ras  Clse.
Change of enzyme concentration:
aQ 0; ifQ<0and C.& —kx*Q <0, (42)
dt | C.®—k=xQ; else.
Connector concentration equals enzyme concentration
C.Q=0Q. (43)

2.6 Compound Protein

The Modelica object class of (non-enzymatic) protein is presented in Figure 7.
It includes almost the same description as Enzyme object class and differs only
in initial parameter values:

e (Qo: initial protein concentration (default value set to 0),

e k1, k2: parameters describing protein degradation constant (default values
set to: k1 =0,k = 0),

15



Figure 7: Protein Modelica object class with explicit labelling of its connec-
tors.

e switchtime: time of degradation constant perturbation (default value set
to 0).

2.7 Compound mRNA

The Modelica object class mRNA describing mRNA compound is presented in
Figure 8. Object class mRNA again has the same description as Enzyme and

'

Figure 8: mRNA Modelica object class with explicit labelling of its connectors.

Protein object class, with the exception of initial parameter values:
e Qo: initial mMRNA concentration (default value set to 1),

e k1, k2: parameters describing mRNA degradation constant (default values
set to: k1 =0,k = 0),

e switchtime: time of degradation constant perturbation (default value set
to 0).

16



2.8 Modeling transcription with
GeneExpressionControl_positive

Gene expression is modelled with sigmoid functions. Transcription object classes
monitor the concentration of the regulator (Q¢), which is in absence of regulator
set to 1. Regulator consumption in the object class equals 0 (input flux is set
to 0). The object class describing positive gene expression control is presented
in Figure 9.

mRNA

Tco ntrol

Figure 9: GeneExpressionControl_positive Modelica object class with ex-
plicit labelling of its connectors.

Connectors
e mRNA: mRNA outflow,

e control: control connector, where quantity of connected compound regu-
lates the mRNA outflow (optional).

Parameters

e &g initial outflux of the transcription and influx into the mRNA compo-
nent (default value set to 0.0001, arbitrary value),

® Qmar: maximum fold change of mRNA concentration (default value set
to 5),

® Qcmaz: sensitivity of gene expression to the regulator - maximum con-
centration of the regulator that results in the maximum fold-change in
mRNA expression (default value set to 50).

Equations

a * control.Q)
b+ control.Q’

where a = ®¢ x (1 +b) and b = % With the substitution of
parameters, K,,rna equals

Kypna = (44)

0.0005 * control.Q

. 45
4.4 + control.QQ (45)

Knrva =

17



Outflow of mRNA therefore equals:
MRNA.® = —K,,pna. (46)

2.9 Modeling transcription with
GeneExpressionControl_negative

The object class describing negative gene expression control is presented in
Figure 10. Object class is very similar to positive regulation as can be seen

mRNA

Tco ntrol

Figure 10: GeneExpressionControl negative Modelica object class with ex-
plicit labelling of its connectors.

below.

Connectors
e mRNA: mRNA outflow,
e control: control connector, where quantity of connected compound regu-
lates the mRNA outflow (optional).
Parameters

e &g initial outflux of the transcription and influx into the mRNA compo-
nent (default value set to 0.0001, arbitrary value)

® Qmar: maximum fold change of mRNA concentration (default value set

to 5)
Equations
axb
K. - - 47
mANA = G control.Q’ (47)
where @ = FQmez*®o_ and p = Qnaz — 1. With the substitution of parameters,

b+control.Q
KmRNA equals
0.0005

K, = 48
ANA T control.QQ (48)
Outflow of mRNA therefore equals:

mRNA.® = _KmRNA- (49)

18



2.10 Modeling transcription with
GeneExpressionControl_lin

The object class describing positive linear gene expression control is presented in
Figure 11. Object class is a linear version of positive gene expression regulation

mRNA

Tco ntrol

Figure 11: GeneExpressionControl_lin Modelica object class with explicit
labelling of its connectors.

as can be seen below.

Connectors
e mRNA: mRNA outflow,
e control: control connector, where quantity of connected compound regu-
lates the mRNA outflow (optional).
Parameters

e k: expression constant (default value set to 0.00001).

Equations

Outflow of mRNA is linearly proportional to concentration of control species (if
control connector is not connected, concentration is set to value 1):

—k x control.QQ; if control is connected,

—k; else. (50)

MmMRNA.® = {

2.11 Modelling translation with EFormation_lin

Translation describes intermediate reaction between mRNA and enzymatic (or
non-enzymatic) protein and is implemented within the Modelica object class
EFormation_lin (see Figure 12).

Connectors
e INFLOW: mRNA inflow,

e OUTFLOW: enzymatic or non-enzymatic protein outflow.

19



—>l —>
INFLOWI > C OUTFLOW

Figure 12: EFormation_lin Modelica object class with explicit labelling of its
connectors.

Parameters

e k: translation constant (default value set to 0.01).

Equations

Object class does not consume any mRNA (it merely detects its quantity):
INFLOW.® = 0. (51)
Protein outflow equals translation constant multiplied by mRNA concentration:

OUTFLOW.® = —k x INFLOW.Q. (52)

2.12 Modelling protein activation with Activation

SysBio library supports post-translational activation or inhibition of proteins
with two object classes, namely Activation and Inhibition. Both object
classes can have up to five regulator ports, which correspond to activators or
inhibitors. Their concentrations are only sensed by the object classes and are
thus not consumed. The object class describing protein activation is presented
in Figure 13.

control

active inactive

Figure 13: Activation Modelica object class with explicit labelling of its con-
nectors.
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Connectors
e active: active form of compound,
e inactive: inactive form of compound,
e control: five control connectors labeled with controly, controls, controls,
controly and controls (all are optional).
Parameters

o ki,ko, ks, ks, ks: activation constants associated to each of the control
connectors (default value set to 1),

e (D10, @20, Q30, Qa0,@50: normalisation constant for each of the control
connectors (default value set to 1),

o kg, k;: define the ratio between activation and inhibition (default values
are k, = 50 and k; = 1),

e ®gy: determines the concentration of the active and inactive protein; if
protein is regulated by both object classes, ®¢g should be set to 0; other-
wise it should be set to 0.01, to prevent the accumulation of the active or
inactive protein. In this case k in translation object class should be set to
0.02.

Equations
Influx of inactive protein

nactive.® = k; x inactive.Q x Q. — ky * active.QQ — ®qg (53)
and influx of active protein

active.® = —inactive.®, (54)

where

kixcontroly.Q + koxcontrols.Q + ksxcontrols.Q + kaxcontroly.Q + ks*xcontrols.Q
Q o 10 20 30 40 Q50
¢ =

ki 4+ ko + ks + ks + ks

(55)
Here only the parts of the equation that are associated to the connectors being
use are taken into account (i.e. k;-s for connectors that are not used are set to
7Z€r0).

2.13 Modelling protein inhibition with Inhibition

The object class describing post-translational protein inhibition is presented in
Figure 14. It uses the same parameters and connectors as Activation object

21



control

[

active inactive

Figure 14: Inhibition Modelica object class with explicit labelling of its con-
nectors.

class. The only difference is in the equations defining fluxes of active and inactive
proteins. Influx of inactive protein is thus

inactive.® = k; x inactive.Q — kq * active.QQ * Q. — Pgo (56)
and influx of active protein

active.d = —inactive.P. (57)
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3 Equations and figures for the IBD4Health

Enzyme catalysed reaction figure (Figure 15).

k. k,
E+S?C<—_’P+E

Figure 15: Enzyme catalysed reaction according to Michaelis-Menten kinetic
formalism.

3.1 Basic ODE description

d
d—f=—ka-E-S+kCR~C (58)
ac
—r =hc E-S+kpp-E-P—kp-C—ker-C (59)
P
— =kpC—kpp-E-P (60)
dE

3.2 Steady state presumption
S

 Sss
— C —
e
K

 Ess

Sn =1

Cn

w

Ey =1

ke >> kpr =1 <<1
kp >>kop = 1 <<1

T =To=T
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_kpr _ kcr
ko kp
k’pR = k‘C -r

k‘CR:k‘p-T

3.3 Simplified ODE description

ds

ﬁz—kcEs—f—TkPC

ac
E:kCES‘FrkCEP_kPC_rkPC
dP

dE
“=kp-Ctkp-r-C—kc-B-S—kc-r-E-P
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